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THE BESOV CAPACITY IN METRIC SPACES 


JUHO NUUTINEN 

Abstract. We study a capacity theory based on a definition of Hajlasz- 
Besov functions. We prove several properties of this capacity in the gen¬ 
eral setting of a metric space equipped with a doubling measure. The 
main results of the paper are lower bound and upper bound estimates 
for the capacity in terms of a modified Netrusov-Hausdorff content. Im¬ 
portant tools are 7 -medians, for which we also prove a new version of a 
Poincare type inequality. 


1. Introduction 

In this paper, we study a metric version of the Besov capacity in a metric 
measure space (A, d, jj) with a doubling measure /i. Different capacities 
in the metric setting have been studied previously, for example, in |BB] . 
0, m\, [HE], [KM], iLih] and |NSj . In the Euclidean setting, the Besov 
capacity has been studied, for example, in [Alj . |A2] . [AHj . |AHS] . |AX] . [D] . 
[HNj . |MXj . |Nlj . |N2j . |N3j and |Stoj . Our definition of the Besov capacity is 
based on the pointwise definition of fractional s-gradients and the Hajlasz- 
Besov space 0 < s < 00 and 0 < p,q < 00 . This characterization 

for Besov spaces was first introduced in |KYZ] and has recently been applied, 
for example, in |GKZ], [HIT] . [HKT] . [HT] and |HT2]. The Hajlasz-Besov 
space Np^{X) consists of L^-functions u that have a fractional s-gradient 
with finite mixed /'?(L^(X))-norm. A sequence of nonnegative measurable 
functions {gk)ke'z is a fractional s-gradient of u, if it satisfies the Hajlasz 
type pointwise inequality 

\u{x) - u{y) I < d{x, vYigkix) -b gkiy)) 

for all /c G Z and almost all x,y & X satisfying 2~^~^ < d{x, y) < 2“^. We 
give the precise definitions and notation in Section 2, where we also prove 
two useful lemmas for the fractional s-gradients. 

In Section 3, we dehne the Besov capacity and prove the basic properties 
of this capacity. These properties include monotonicity, a version of subaddi¬ 
tivity and several convergence results. In particular, we apply the results to 
show that Hajlasz-Besov functions are quasicontinuous with respect to this 
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capacity. Besov capacity has been studied previously in the metric setting in 
|B] and ra. However, in these papers only the case p = q is considered in 
a less general metric space. Ahlfors Q-regularity, for example, is assumed in 
both papers. In a recent preprint |HKT] , some of the results of this section 
are stated and a version of subadditivity is proved. We prove several new 
results and give full proofs to the basic properties of the Besov capacity not 
proved in [HKTj . 

The 7 -medians are extremely useful tools in the setting of Besov spaces, 
especially when 0<p<lor0<q'<l. In our proofs, they take the place 
of integral averages. Medians behave similarly as the integral averages, but 
have the advantage that the function does not need to be locally integrable. 

In Section 4, we study some of the basic properties of the 7 -medians that 
we later use in our proofs. One of the main results of this section is a new 
Sobolev-Poincare type inequality for the 7 -medians. For slightly different 
results, see |hkT] and jHT^ . Also, we recall the definition of discrete me¬ 
dian convolutions and use them as tools to obtain Theorem 14.81 which says 
that for compact sets it is equivalent to consider only the locally Lipschitz 
admissible functions when calculating the capacity. 

In Section 5, we study a modified version of the Netrusov-Hausdorff 
content. The Netrusov-Hausdorff content was introduced in by Netrusov 
in |N2j and |N3j . It has also been studied, for example, in |A2j and |HNj . 
We modify the Euclidean definition to the metric setting, since in our case 
the dimension of the space X does not need to be constant. Instead of 
summing over the powers of the radii Vj of the balls in the covering, we 
sum over the measures of the balls in the covering divided by the values 
4>{rj) of an increasing function 0. Our main results are lower bound and 
upper bound estimates for the capacity in terms of the modihed Netrusov- 
Hausdorff content (see Theorem 15.41 and Theorem 15.5p . 

2. Notation and preliminaries 

2.1. Basic assumptions and notation. We assume that the triple (X, d, p), 
denoted simply by X, is a metric measure space equipped with a metric d 
and a Borel regular, doubling outer measure p, for which the measure of 
every ball is positive and finite. The doubling property means that there is 
a fixed constant q > 0 , called the doubling constant, such that 

fi{B{x,2r)) < Cdfi{B{x,r)) 

for every ball B{x,r) = {y E X : d{y, x) < r}, where x E X and r > 0. 
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We denote the integral average of a locally integrable function u over a 
set A of positive and finite measure by 



By Xe 'we denote the characteristic function of a set £' C X and by M 
the extended real numbers [— 00 , 00 ]. We denote the set of all measurable, 
almost everywhere hnite functions u: X —>■ M by L°(X). In general, C is a 
positive constant whose value is not necessarily the same at each occurrence. 

2.2. Fractional s-gradients and Hajlasz—Besov spaces. We dehne the 
Hajlasz-Besov space in terms of pointwise inequalities, as in |KYZ] . This 
characterization is motivated by the dehnition of a generalized gradient and 
Hajlasz-Sobolev space M^’^(X), dehned for s = 1, p > 1 in [H] and for 
fractional scales in There are also other dehnitions for Besov spaces in 
the metric setting. They have been studied, for example, in |GKS] . |GKZ] . 


[HMY] . [KYZ], [MI], PYY] . [YZ] . 


Definition 2.1. Let 0 < s < 00 . A sequence of nonnegative measurable 
functions {gk)k& is a fractional s-gradient oi a function u G L°(X), if there 
exists a set E with fi{E) = 0 such that 


( 2 . 1 ) 


u{x) -u{y)\ < d{x,yy{gk{x) + gk{y)) 


for all fc G Z and all x,y G X \ E satisfying 2 ^ ^ < d{x, y) < 2 The 
collection of all fractional s-gradients of u is denoted by D^(m). 

We prove two lemmas that we use later in the proofs of this paper. 
The above dehnition implies the following lattice property for fractional 
s-gradients. 

Lemma 2.2. Let 0 < s < 00, m, t G L°(X), {gk)k& G D'^(m) and {hk)kez G 
D®(t). Then, the sequence {ma.x{gk, hk})kez is a fractional s-gradient of 
max{M,r;} and mm{u,v}. 

Proof. We dehne w = max{M, n} and assume that G and H are the exep- 
tional sets for {gk)kGZ and {hk)kez in the Dehnition 12.II Glearly, the function 
w is measurable and (maxjpA:, hk})kez is a sequence of nonnegative measur¬ 
able functions. We show that fl2.ll) holds outside the set G U W of measure 
zero. Let 


Eu = {x e X\{G U H) : u{x) > ^(a:)} 


and 


E^ = {xeX\{GUH): u{x) < ^(a;)}. 
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If a:, 1 / G Fu then 

\w{x) -w{y)\ = \u{x) -u{y)\ < d{x,yY{gk{x) + gk{y)) 

for all fc G Z satisfying 2~^~^ < d{x,y) < 2~^. Similarly, for x, y G Fy we 
get 

\w{x) - w{y)\ < d{x,yy{hkix) + hk{y)) 

for all fc G Z satisfying 2~^~^ < d{x, y) < 2~^. 

\i X E Fu and y E Fy, then we can look at the two cases u{x) > v{y) and 
u{x) < v{y) separately. In the hrst case 

\w{x) — w{y)\ = \u{x) — v{y)\ = u{x) — v{y) 

< u{x) - u{y) < d{x, yYigkix) + gkiy)) 

for all fc G Z satisfying 2“^“^ < d{x,y) < 2~^. In the second case 

|ta(a;) — w{y)\ = v{y) — u{x) < v{y) — v{x) 

< d{x,yY{hk{x) + hk{y)) 

for all /c G Z satisfying 2~^~^ < d{x,y) < 2~^. The case x E Fy and y E Fy 
follows by symmetry, and hence 

|w(a;) -w{y)\ < d{x,yY{iaax{gk, hk}{x) + max{gk, hk}{y)) 

for all fc G Z and all x,y E X \ {G U H) satisfying 2~^~^ < d{x,y) < 2~^. 
The proof for the function min{M,4;} follows along the same lines. □ 

The next lemma is useful when we want to show that the supremum 
of countably many Hajlasz-Besov functions belongs to the Hajlasz-Besov 
space Np ^X) (see Dehnition l2.4p . 

Lemma 2.3. Let Ui E T°(X) and {gi,k)k&z ^ i G M. Let u = 

supigpjMi and {gk)kGZ = gi^k)kez- Ifu E L^{X), then {gk)k&z e 

Proof. Since u E L°(X), it is hnite almost everywhere. Let x, y E X \ E, 
with u{y) < u{x) < oo, where E is the union of exceptional sets for the 
functions Ui in the Dehnition 12.11 Let e > 0. There is i G N, such that 
u{x) < Ui{x) + e. Now, since u{y) > ufy), we have 

\u{x) - u{y) \ = u{x) - u{y) < Ui{x) + e - Ui{y) 

< d{x, yY igi,ki^) + gi,kiy)) + ^ 

< d{x, yY {gk{x) + gk{y)) + e 

< d{x,y) < 2~^. Letting e —)■ 0 proves the 

□ 


for all /c G Z satisfying 2 

claim. 
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For 0 < p,q < oo and a sequence {fk)kez of measurable functions, we 
define 


where 


‘k)k&z\\i,^LP{X)) - ||(ll/fclUnV)) 


kezWii' 





when 0 < g < cx), 
when q = oo. 


Definition 2.4. Let 0 < s < cxo and 0 < p, g < oo. The homogeneous 
Hajlasz-Besov space Np^^{X) consists of functions u G L^{X), for which the 
(semi) norm 

is hnite. The Hajlasz-Besov space Np^^^X) is iV^ q(X)nLP(X) equipped with 
the norm 

||«||a|,,(X) = \\u\\lp{X) + I|w||jv-^(X)- 

For 0 < s < 1 and 0 < p, g < oo, the space coincides with the 

classical Besov space dehned via differences (L^-modulus of smoothness), 
see [GKZ]. When 0<p<lor0<g<l, the (semi) norms dehned above 
are actually quasi-(semi)norms, but for simplicity we call them just norms. 
Recall that a quasinorm is similar to a norm in that it satishes the norm 
axioms, except that there is a constant C > 1 on the right-hand side of the 
triangle inequality. 


2.3. Inequalities. We will often use the following elementary inequality 

( 2 , 2 ) 

which holds whenever a* > 0 for all i and 0 < /? < 1. Holder’s inequality for 
sums (when 1 < b < oo) and fl2.2p imply the next lemma that we use later 
to estimate the norms of fractional gradients. 


Lemma 2.5. [HIT! Lemma 3.1] Let 1 < a < oo, 0 < b < oo and Ck > 0, 
fc G Z. There exists a constant C = C{a, b) such that 

E(E“-''-T)‘<cE4 

fcez jez jez 

3. Capacity 


In this section, we study a metric version of the Besov capacity. We prove 
the basic properties of this capacity, including several useful lemmas and 
convergence results. In particular, we show that Hajlasz-Besov functions 
u G Xp q(X), 0 < s < 1 and 0 < p, g < oo, are quasicontinuous with respect 
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to the capacity (see Theorem I3.10p . Recently, some of the results of this 
section have been stated or proved in |HKT] . We give complete proofs to 
the results not proved there as well as to completely new ones. 


Definition 3.1. Let 0 < s < cxo and 0 < p, g < oo. The Besov capacity of 
a set £' C X is 

Cp,q{E) = inf : « e .A(E)}, 

where 


A{E) = {u e Np g{X) : M > 1 in a neighbourhood of 

is the set of admissible functions for the capacity. We say that a property 
holds Cp g-quasieverywhere if it holds outside a set of ,j-capacity zero. 


Remark 3.2. Lemma [2.21 implies that 




U & A! 




where A'{E) = {m e A{E) : 0 < m < 1}. Since A'{E) C A{E)^ we have 


that C^p^q{E) < inf 




'■ U & A! 


To prove the inequality to the 


reverse direction, let e > 0 and let u G A{E) be such that 

— Ep^q{E) + e. 

Then v = max{0, min{M, 1}} G A'{E) and by Lemma [2.21 we have D®(m) C 
©■"(n). Now 


inf 




IP 


- Il^llw« (X) - ll“llw» (X) - +*' 


and letting e —)■ 0 yields the inequality. 


Remark 3.3. It follows immediately that 

fa{E) < C;^q{E), 

for every E G X. Let u G A{E). Then, there is an open set U G> E, such 
that u > 1 in U. Hence 

h(-S) < h(^) < II'*^IIlp(X) — ll’“llx*^5(X) 

and taking inhmum over all u G A{E) proves the inequality. 

The Cp g-capacity is generally not an outer measure. The dehnition clearly 
implies monotonicity but the capacity is not necessarily subadditive. How¬ 
ever, for practical purposes it is enough that the capacity satishes fl3.1l) for 
some r > 0. Even in the Euclidean setting, countable subadditivity for the 
Besov capacity is known only when p < q (see [M]). 
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Theorem 3.4. |HKT[ Lemma 6.4] Let 0 < s < oo and 0 < p,q < oo. Then 
there are constants C > 1 and 0 < r < 1 such that 

(3.1) C,*,(|Ji5.)’'<C^C*,(i5,r 

igN igN 

for all sets Ei G X, i ^ N. Actually, fl3.ip holds with r = min{l, q/p}. 

The Besov capacity is an outer capacity. This means that the capacity 
of a set C X can be obtained by approximating E with open sets from 
the outside. 


Lemma 3.5. The Cp ^-capacity is an outer capacity, that is, 

C;jE) = inf{C‘,,(C/) :UdE,U open}. 

Proof. By the monotonicity, Cp^^{E) < inf {^CpJJJ) : U D E, U open}. To 
obtain the reverse inequality, let e > 0 and let u G A{E) be such that 


\u 




e. 


Now, since u is an admissible function for the capacity, there is an open set 
U containing E such that u > 1 on 17. Then 




{U)< 


\u\ 


< c;ae) + 6 . 


Letting e —?• 0 proves the claim. 


□ 


The following compatibility condition says that removing a set of mea¬ 
sure zero does not change the capacity of an open set. In particular, this 
result can be applied to prove a uniqueness result for (7^ ,j-quasicontinuous 
representatives of a Hajlasz-Besov function (see Remark 13.lip . 


Lemma 3.6. Let 0 < s < oo and 0 < p,q < oo. If U is an open set and 
p{E) = 0, then 

Cl,iU) = Cl,{U\E). 

Proof. Clearly, by monotonicity, Cp g{U) > Cp g{U\E) so it remains to show 
the inequality to the other direction. Let e > 0 and let u G A'{U \ E), with 
{9k)ko'L G D^(m), be such that Xu\e <u<1 and 

{\\u\\lp{x) + \\i9k)\\i<i{LP{x))Y < CpJJJ \E) +e. 

Let n be a function, such that v = u in X \ Lf and v = 1 in Lf. Then v = u 
outside the set Lf AE, which has measure zero, and so ||n|| 2 ,p(x) = ||m||lp(x)- 
Also, {9k)k&z G n3^(n), since we can choose the exceptional set in Dehnition 
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l2.1l to be the union oiUP^E and the exceptional set related to u and {gk)kez- 
Then, v G A'{U) and 

Cp^q{U) < ^ {\\u\\lp{X) + \\i9k)\\l<!{LP{X))Y 

<C;^q{U\E) + e 

and letting e —)■ 0 proves the claim. □ 

The outer capacity property of the Besov capacity implies the next con¬ 
vergence result for compact sets. 

Theorem 3.7. //X D it'i D K 2 D • • • are compact sets and K = n“i 
then 

hm = Cl^{K). 

Proof. Clearly, by the monotonicity, Imii^ooCpY^i) — 

remains to show the inequality to the other direction. If U is an open set 

containing K, then U U \ -^*) open cover of the set Ki and, 

since Ki is compact, there is a hnite subcover, i.e. a positive integer N, such 

that 

N 

C C U 1J(X \Ki) = UU{X\ Kn). 

i=\ 

It follows that Xjv C 17, since C Ki. Hence, limj_j.oo C®q(i7j) < Cpg{U) 
and by Lemma [3.51 we obtain 

^hm < mi{C;^^{U) ■.UdK,U open} = 

□ 

We apply the following theorem to show that Hajlasz-Besov functions 
are quasicontinuous with respect to the ^-capacity (see Theorem I3.10p . 

Theorem 3.8. Let 0 < s < 00 and 0 < p,q < 00 . If (Mi)jeN is a Cauchy 
sequence of continuous functions in then there is a subsequence of 

(Mj)jgN which converges pointwise Cp g-quasieverywhere in X. Moreover, the 
convergence is uniform outside a set of arbitrary small Cp^^-capacity. 

Proof. Let r = min{l, q/p}. There is a subsequence of {ui)i^^, which we still 
denote by (Mj)ieN, such that 

00 

(3.2) 

i=l 

Ai = {x eX -. \ui{x) - Ui+i{x)\ > 2"*} 


For i G N, let 
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and Bj = IJ^j Since the functions m, are continuous, the sets A, and 
Bj are open. It follows that the function — Mj+i| is admissible for the 
Besov capacity of Ai and 


Now, by Theorem 13.41 we get 

OO 1/ OO ^ , 

i=j i=j 

Since Bi D B 2 D ■ ■ ■ and sum fl3.2p converges, we have that 


OO 

i=i 


and (Mj)igN converges pointwise in X \ rifci ^j- Moreover, 


k-l 


k-l 


\Uj[X) 




Uk{x)\ < ^ \ui{x) - Ui+i{x)\ <^"2 * < 2 ^’ 

i=j i=j 

for all X G X \ Bj, for every k > j. Hence, the convergence is uniform in 
X \ Bj and the claim follows. □ 


Definition 3.9. A function m: X ^ M is y-quasicontinuous, if for every 
£ > 0 there exists a set U such that Cp ^iU) < e and the restriction of u to 
X \ H is continuous. 


Note that, by Lemma [3.51 the set U can be chosen to be open. 


Theorem 3.10. Let 0 < s < 1 and 0 < p,q < 00 . Then, for every u G 
Nfq{X), there exists a Cp^-quasicontinuous function v such that u = v 
almost everywhere. 

Proof. Since continuous functions are dense in Np^{X), when 0 < s < 1 
and 0 < p,q < OO, (see [HKTI Theorem 1.1]) and Np^^^X) is complete 
by the appendix in [HT2], the claim follows from the previous theorem. 
Indeed, u G Np^^{X) if and only if there is a sequence of continuous 

functions in L^(X) and {gi,k)kGZ G — u), such that m* —)■ m in L^(X) 

and \\{gi,k)kez\\ii{Lp{x)) —t 0. By the previous theorem, the limit function is 
Cp ,j-quasicontinuous. □ 

Remark 3.11. The g-quasicontinuous representative is unique in the 
sense that if two ,j-quasicontinuous functions coincide almost everywhere, 
then they actually coincide outside a set of ^-capacity zero. This follows 
from Lemmas 13.51 and 13.61 and from a nice argument, in an abstract setting. 
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4. 7 -MEDIAN 

In this section, we stndy 7 -niedians that are important tools in onr set¬ 
ting of Besov spaces. In onr proofs, they take the place of integral averages 
and are extremely usefnl when 0<p<lor0<g<l. One of the main 
results is Theorem 14.51 which is a new Sobolev-Poincare type inequality for 
the medians. Recently, slightly different results have been proved in |HKTj 
and [HT2j . where an additional nonempty spheres property is also assumed 
on the underlying space X. In the latter part of this section, we define a 
discrete median convolution which we use to show that it is equivalent to 
consider only the locally Lipschitz admissible functions when calculating 
the capacity of a compact set (see Theorem 14.81) . These results are useful in 
Section 5, where we study a modihed Netrusov-Hausdorff content related 
to the capacity. 

Next, we define the 7 -median of a function u G T°(X) over a set of finite 
measure. Previously, the 7 -medians have been studied, for example, in [F] . 
[GKZ], HEW], [IT] , [Lir], lig. lET], (sg. 0, and recently in [HIT] , |HKT] 
and [HT2] . 

Definition 4.1. Let 0 < 7 < 1/2. The '^-median of a function u G L^{X) 
over a set A of finite measure is 

rnl{A) = inf |a G M : /i({x G A : u{x) > a}) < 7 /x(y 4 )}. 

In the following lemma, we give some basic properties of the 7 -median. 

Lemma 4.2. Let A (Z X be a set with /i(R) < 00 . Let u,v E L^{A) and let 
0 < 7 < 1/2. The -median has the following properties: 

a) If 1 < 1 ', then rn1{A) > m'^{A). 

b) If u < V almost everywhere, then m'l{A) < m'l{A). 

c) If A C B and ia{B) < Cia{A), then mKA) < mZ^^{B). 

d) If c E M, then rnZ{A) -f c = 

e) If c E M, then m/„(y4) = cm/(T). 

f) \mZiA)\ < mJ^|(R). 

g) For every p > 0 and u E L'p{A), 

h) If u is continuous, then 

lim r)) = u{x) 

1 —>0 


for every x E X. 
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Proof. We prove the property g) below. The rest of the quite straightforward 
proofs are left for the reader, who can also look at lETI where most of 
the properties are proved in the Euclidean space. The proofs in the metric 
setting follow essentially the same lines. 

For the proof of g), we may assume that ^ 0, since otherwise the 

claim is obvious. Let p > 0 and u G U’{A). The dehnition of the 7 -median 
clearly implies that 


< /i({x e A : |m(x)| > 

= ^i{{x e A : \u{x)\P > }) 

and by Chebyshev’s inequality 

fi{{x e A : \u{x)f’ > ^ I 

The claim follows by combining the above two estimates. 


uf dfj,. 


□ 


We have the following dehnition, that is analogous to the dehnition of a 
Lebesgue point of a function, when taking the limit of medians. 

Definition 4.3. Let u G L^{A). A point a: is a generalized Lebesgue point 
of u, if 

lim m^(i?(a:, r)) = u(x) 

r ->0 

for all 0 < 7 < 1 / 2 . 

Remark 4.4. Recently, it was shown in |HKT[ Theorem 1.2] that every 
point outside of a set of (7^ ^-capacity zero of a Hajlasz-Besov function u 
is a generalized Lebesgue point of u and that the limit of medians gives a 
Cp g-quasicontinuous representative of the function. The result is obtained 
in |HKT] by dehning a median maximal function and using it as a tool. In 
particular, a capacitary weak type estimate for the median maximal function 
is used in the proof. 


The Dehnition 12.11 of fractional s-gradients implies various Sobolev- 
Poincare type inequalities for medians. Slightly diherent results than the 
following can be found, for example, in |HKT] and |HT2] . We obtain the 
next theorem even without assuming a nonempty spheres property that is 
assumed in |HKT] and |HT2] . 

Theorem 4.5. Let 0 < 7 < 1/2, 0 < s,p < 00 and 0 < q < 00 . Let 
u G Then there is a constant C > 0 and a sequence {gk)k€Z £ 

such that 
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for every x E X and fc G Z. /n fact, given any {hj)j^i G we can 

choose 

(4.2) = ( E 

j>k-2 

where 0 < s' < s and p = min{l,p}. Moreover, there is a constant c > 0 
such that 


(4.3) \\{gk)\\i<i{Lp{x)) < c\\{hj)\\i^LPix))- 


Proof. Let (/ij)jgz ^ W{u). By |GKZl Lemma 2.1] and g) of Lemma 
there exist constants G > 0 and 0 < s' < s, such that 

VB(a:,2-''+l) ^ 


infm/ |(5(a;,2-^)) < G2-^" V 

j>k-2 


for every x E X and k E Ia. We show that the right-hand side is bounded 

( \ i/p 
iB(x, 2 -fe+i) 9l dp) , where 


fi'fc 


j>k-2 


and p = min{l,p}. Notice that {gk)kez £ D'^(m), since 


\u{x) -u{y)\ < d{x,yy{hk{x) + hk{y)) < d{x,yy{gk{x) + gk{y)) 

for all fc G Z and aW x, y E X \ E satisfying 2“^“^ < d{x, y) < 2~^. 

If p > 1, we use Holder’s inequality for sums (1/p -|- 1/p' = 1) 



and if 0 < p < 1, by inequality fl2.2p . 



Combining the two cases, we obtain inequality (14. Ih . To prove inequality 
fl4.3l) . we hrst see that 


3>k-2 j>k-2 
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Now, by Lemma [2.51 

wskWiPi^x) - 

J\ 7 . . 


we get 

119 


and it follows that 


^{k-j)s'p\\i IIP 

___ ^ ^ II'LIIlp(x) 

k^7j j^k—2 

— ^ II^jIIlp(X) 


V 9 /j 


\\{gk)\\l<iiLPiX)) < C\\{hj)\\iq(^LP(x))- 


□ 


Remark 4.6. Let A C X be a set with /i(v4) < oo, u G LP{A) and 0 < 7 < 
1/2. Then 

ml .sii(y4) < 2 inf m7 i(^), 

since for all c G M 

^ "^J.-c| + |c-m7A)|("^) = + 1^ " <(^)l 

where we used properties b), d) and f) of 7-median from Lemma [4.21 

Next, we dehne a discrete 7-median convolution that we use in the proof 
of Theorem 14.81 Discrete convolutions are standard tools in analysis on met¬ 
ric measure spaces (see, for example, [TTW] and |MSj ) and they are used, for 
example, to dehne a discrete maximal function, introduced in |KL] . Anal¬ 
ogously, a discrete 7-median maximal function can be dehned by taking a 
supremum of the discrete 7-median convolutions (see, for example, [HKT]). 

We hx a scale r > 0 and cover the space X with a countable family of 
balls {Bi} = {B{xi,r)}, so that the enlarged balls are of bounded overlap. 
This means that there is a constant C{cd) > 0, depending only on the 
doubling constant, such that 

OO 

X] WBi(a;) < C{cd) < 00 

i=l 

for all X G X. Then, a partition of unity related to the covering {Bi} is 
constructed. There exist (T/r-Lipschitz functions ipt, i = 1,2,. . such that 
0 < (fi < 1, (fi = 0 outside 2Bi and ipi > C~^ on Bi for all i and Vi — 
Let 0<7<1/2. A discrete 'y-median convolution of a function u G L^{X) 
at scale r > 0 is 

OO 

ulix) = ^ml{Bi)^i{x), 

i=l 

for all X G X, where the balls Bi and functions (fi are as above. 
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We apply the next theorem, by which locally Lipschitz functions are 
dense in iVp g(X), to show that for compact sets we can restrict the set of 
admissible functions in the dehnition of the ^-capacity to locally Lipschitz 
functions when 0 < s < 1 and 0 < p, g < oo. 


Theorem 4.7. |HKT[ Theorem 1.1] Let 0 < 7 < 1/2, 0 < s < 1, 
0 < p, g < cxo and u G iVp q(X). Then, the discrete ■y-median convolution 
approximations converge to u in as i —)■ 00. 


Theorem 4.8. Let 0 < s < 1, 0 < p,q < 00 and let K C X be a compact 
set. Then 

where A{K) = {u E A{K) : u is locally Lipschitz}. 


Proof. Since A{K) C A{K), it suffices to prove the ”>” part. Let u G 
A{K). Then there is an open set Lf D K such that u > 1 in U. Let V = 
{x : d{x,K) < d{K,X \ U)/2}. U x E V and r < d{K,X\ U)/8, then 
B{y,2r) C U whenever x E B{y,2r). It follows that m/ > 1 in 1/ when 
r < d{K,X \ f/)/8. Thus, uj E A{K), for small r, and so, by Theorem 14.71 

inf{||n|l^, (x)-'uE A{K)} < liminf WuXfx- (x) 

< liminf C'(||m||^, + \\uX - 


< C\\u 


IIP 


The claim follows by taking inhmum over u G A{K). 


□ 


5. Netrusov-Hausdorff content 

In this section, we dehne a modified version of the Netrusov-Hausdorff 
content and prove lower bound and upper bound estimates for the Besov 
capacity in terms of this Netrusov-Hausdorff cocontent. The Netrusov- 
Hausdorff content was hrst used by Netrusov in |N2] and |N3] when studying 
the relations between capacities and Hausdorff contents in M”. We modify 
this content by taking the sum over the measures of the balls in the covering 
divided by the values 4>{rj) of the radii, where 0 is an increasing function. 
In the setting of a doubling metric measure space, this kind of modihcation, 
instead of summing the powers of the radii of the balls in the covering, 
is natural since the dimension of the space is usually not (even locally) 
constant. 

Definition 5.1. Let 0 : (0, 00) (0, 00) be an increasing function and let 

0 < 0 < cxo and 0 < i? < cxo. The Netrusov-Hausdorff cocontent of a set 
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E CX is 


Hi\E) = itif 


E (E 

■ JGT 


0 (rj) 


i/e 


L j;2-*<R 

where the inhmum is taken over all coverings {B{xj,rj)} of E with 0 < 
Tj < R and R = {j : 2“* < When R = oo, the inhmum is taken 

over all coverings of E and the hrst sum is over i G Z. When 0(t) = we 
use the notation := 


Notice that if the measure /i is (Ahlfors) Q-regular, that is, there is a 
constant C > 1 , such that 


C < fj.{B{x,r)) < Cr^ 


for every x E X and 0 < r < diam(W), then the cocontent is compa¬ 
rable (with two-sided inequalites) with the {Q — (i)-dimensional Netrusov- 
Hausdorff content dehned using the powers of radii. 

A similar modihcation of the classical Hausdorff content is standard in 
the metric setting. The Hausdorff content of codimension d, 0 < d < oo, is 


^ CXD 

HUE) = inf W 

f i=l 


^i{B{xj,rj)) 


where 0 < d? < oo, and the inhmum is taken over all coverings {B{xj,rj)} 
of E satisfying < R for all j. When R = oo, the inhmum is taken over all 
coverings {B{xj,rj)} of E. Naturally, the Hausdoff measure of codimension 
d is dehned as 

n^{E) = MmUUE). 

H ->0 

We use the following Leibniz type rule for fractional s-gradients, and its 
corollary, in the proofs of Theorem 15.41 and Theorem 15.51 


Lemma 5.2. jHIT| Lemma 3.10 and Remark 3.11] Let 0<s<l, 0<p< 
oo and 0 < q < oo, and let S G X be a measurable set. Let u: X be a 
measurable function with {gk)k£Z £ and lettp be a bounded L-Lipschitz 

function supported in S. Then sequences (hfc)fcgz and {pk)k&, where 

Pk (dfcllv^lloo T 2 ^ ^dvIMI])Xsupp 99 and 

hk = (dfc + 2 ^^’^^|m|)||(p|1ooWupp99 

are fractional s-gradients of up. Moreover, if u E Np^^{S), then up E 
\\upys^^(^x) < C'||m||^._^(5). 

By choosing u = 1 and = 0 for all fc G Z in (the proof of) the previous 
lemma, we obtain norm estimates for Lipschitz functions. 
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Corollary 5.3. |H1T1 Corollary 3.12] Let 0<s<l, 0<p<oo and 
0 < q < oo. Let ip: X ^ W be an L-Lipschitz function supported in a 
bounded set F <Z X. Then ip G and 

(5.1) ii»’IIa's„(x) < c-(i + iiv>iu)(i + L'UFy'e 

where the constant C > 0 depends only on s and q. 

In the next theorem, we show that the Besov capacity of a set E G X is 
bounded from above by a constant times the Netrusov-Hausdorff cocontent 
of the set E. 


Theorem 5.4. Let 0<s<l, 0<p< oo, 0 < q < oo, E G X and R < 1. 
Then there is a constant C > 0 such that 

C;^^{E) < CHf\E), 

where 9 = min{l, q/p}. 


Proof. Let {B{xj,rj)^ be a covering of the set E such that < 1 for all j. 
Let z G U {0} and 


Ui{x) = max{0,1 - T‘d{x, Uj(zi^B{xj, rj))}, 


where R = {j : < rj < 2“*+^}. Then Uj = 1 in Uj(zi^B{xj,rj), Mj = 0 

outside 2“®+^) and Ui is Lipschitz with constant 2®. Since z > 0, 

we have that 1 + 2®^ < (72®^ and it follows from Corollary 15.31 and the 
doubling property that 

^p,qi.^j&h^i^jXj)) — ll'^*ll^s ^(X) 

< C(1 + ||zz,||oor(l + 2®^)^®/z(U,g,,5(a;,-,2-®+2)) 

<C2®^>(U,g,,i?(x„2-®+2)) 

jeh 


Let 6 = min{l, q/p}. By Theorem 13.41 we have that 


c;jE)<c(^Y,G,Gei.BG, 

i 



lie 


i jeh i 


lie 


and the claim follows by taking the inhmum over all covers {B{xj,rj)} of 
the set □ 


Next, we prove a converse estimate which gives a lower bound estimate 
for the capacity in terms of the Netrusov-Hausdorff cocontent. 
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Theorem 5.5. Let 0<s<l, 0<p< oo, 0 < g < oo and let (p: 
(0, cxd) —)■ (0, oo) be an increasing function, such that 

dt < oo 

for every 0 < a < oo. Let xo^X,0<R<oo and assume that B{xq, 8R) \ 
B{xo,4:R) is nonempty. Then there are constants C > 0 and c > 0 such 
that 

uttiE) < cc;,,(E) 

for every compact set E C B{xo, R). 

Remark 5.6. For example, when 0(t) = we have that 

^-d/p+s-l ^ 

if and only if 1 — s + d/p < 1. That is, d < sp. 




Proof. To avoid some inessential technical difficulties and make the notation 
more simple, we assume that R = 2“”^, for m G Z. In the light of our proof, 
we can see that the result for 0 < i? < oo can be obtained using the same 
argument. 

Let c > 0 and E C B{xo,2~^) be a compact set. By Theorem 14.81 
there is a locally Lipschitz function v G Np^{X), such that n > 1 on a 
neighbourhood of E and 




< CCUE) + £. 


Let he a. Lipschitz function, such that = 1 on B{xo,2~"^) and = 0 
outside R(a;o, 2“"*+^). Then, u = vtp & Np^^^X) is Lipschitz continuous and 
u> 1 on a neighbourhood of E. By Lemma 15^ there exists {gk)k£Z G D®(m), 
such that Pk = 0 outside B{xo, 2“™-+^), for every k, and 


(5-2) ll(5'fc)llf9(LP(x)) — 

To be precise, we have here the fractional s-gradient of u, still denoted by 
Qk, which satishes the Sobolev-Poincare type inequality fld.ip that is later 
used in the proof. By formula fl4.2p . pk is supported in B{xo,2~^^^), for 
every k, and by fl4.3|) the inequality fl5.2p is satished. 

Let a: G be a generalized Lebesgue point of u (see Dehnition 14.31) . 
Since u is continuous, it follows from h) of Lemma 14.21 that every point in 
E is such a point. Then, 


(5.3) 1 < ^(a;) < |■u(x) — m))(i?(a;, 2 ™'))| + |m^(i?(a;, 2 ’"))|. 
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We can estimate the first term by Lemma 14.21 properties d), f) and c) of 
7 -median, and by a telescoping argument 


\u{x) - ml{B{x,2 ^))\<^\ml{B{x,2 ^ ^)) - ml{B{x,2 ^))| 

k>m 

k>m 

k>m 

Then, it follows from Theorem 14.51 and Remark 14.61 that 


E- 

k>m 


lie 


k>m ^ 


'S(a:,2-''+l) 


V 

9 k 


i/p 


Next, we estimate the second term of fl5.3p . Let y G R(x,2“™') \ F, 
where F is the exceptional set from the Dehnition 12.11 Since B{x,2~'^) C 
R(a:o, 2“™+^) and R(a;o, 2“”*+^) \ B{xo,2~^~^‘^) is nonempty, there exists 
e {B{xo,2-^+^) \ B{xo,2-^+^)) \ F such that 2“™ < d{y,z) < 2“”*+^ 
We dehne g = ma.x{gk : m — 4 < k < m — 1}. Now, 


|m(!/)I = \v{y) - m(2)I < d{y, yYigiv) + g(z)) 
= <i(!,,j)-9(j/)<2(-'"+-‘7(!/) 
and by f), b), e) and g) of Lemma we have that 
|m^;(R(a;,2-))| < 2-)) 


< C'2-™*m^(R(a:,2-"*)) 

m—1 


m—1 « 

<c 2-’^^U 

k=m-A ^ 

k>m 


B(x,2-^) 


gldy 


. i/p 


gl dy 


i/p 


Hence, 

1 < C V2-^"(/ 

k>m VB(.,2-''+L 


gl dy 


, i/p 


-ks 


< C'(^0(2-^+^)-^/P2-^ 

k>m 
/.2—+1 

<c( sup0(2-^+^)^/^’ 

^ Jo ^ k>m 

< Csup(/.(2-^+^)^/p(/ 

k>m VB(a;,2-fc+l) 


I sup 0(2-^+^) 

k>m 


\ i/p 
9l dy^ . 


/b(x,2-'=+1) 


gldy 


, i/p 


/b(x,2 -'=+1) 


gldy 


, ^Ip 
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Now, for every x ^ E, there is a ball B{x, 2 ^==+1), such that 


0(2“^^+^) 


< C 


> B{x,2 


“fcrc + l 


gL df^. 


By the 5r-covering lemma, there exists a countable family of disjoint balls 
Bj = B{xj, of radii rj = < 2“”^, such that the dilated balls 

5Bj cover the set E. We use notation j G /*, when 2“* < Sr^- < Then 

kxj = f + 3, for j ^ li, and since (j) is increasing 


^ dibrj) ~ ^ 4>Wi) 

j&h jeii 



gf+3df^ < C'll^i+3||LP(X)> 


where we also used doubling and the disjointness of the balls Bj. Summing 
over i, we obtain 


E (E 

2-i<5-2-”i j&h 


0(5rj) 


— llfi'*+3|llp(x) 

iez 


and it follows that 

nttl.(E) < C(5^ llg.+jll’,,,,,)’'''’. 


Now, letting e —?• 0 in (15.2^ proves the claim. 


□ 
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